Introduction {#Sec1}
============

An Automorphic Lie Algebra (ALiA in what follows) is the space of invariants$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} ({{\mathfrak {g}}}\otimes {\mathcal {M}}(\overline{\mathbb {C}}))^G_\Gamma \end{aligned}$$\end{document}$$obtained by imposing a finite group symmetry on a current algebra of Krichever--Novikov (KN) type \[[@CR31]\] $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {g}}}\otimes {\mathcal {M}}(\overline{\mathbb {C}})$$\end{document}$ where $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {g}}}$$\end{document}$ is a complex Lie algebra, $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}(\overline{\mathbb {C}})$$\end{document}$ the field of meromorphic functions on the Riemann sphere $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {Aut}({{\mathfrak {g}}}\otimes {\mathcal {M}}(\overline{\mathbb {C}}))$$\end{document}$ and where $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma \subset \overline{\mathbb {C}}$$\end{document}$ is a *G*-orbit, to which poles are confined. Since their introduction in \[[@CR24]\] automorphic algebras have been extensively studied (see \[[@CR25]\] and references therein, but also \[[@CR3], [@CR4]\]), ALiAs arose originally in the context of algebraic reductions of integrable equations \[[@CR24]\], motivated by the problem of algebraic reduction of Lax pairs \[[@CR28]\]. While the classification problem is a stand-alone one, its solution will have an impact also in applications to the theory of integrable systems and beyond. In particular, the Chevalley normal form (see Sect. [5](#Sec20){ref-type="sec"}) can be used as starting point to analyse Lax pairs and consequently associated integrable equations.

A first step towards the classification of ALiAs was presented in \[[@CR24]\], where automorphic algebras associated with finite groups were considered. These groups are those of Klein's classification, namely the cyclic groups $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {D}_N$$\end{document}$, the tetrahedral group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {O}$$\end{document}$ and the icosahedral group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {Y}$$\end{document}$. In \[[@CR24]\], the authors study automorphic algebras associated with the dihedral group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {D}_N$$\end{document}$, starting from the finite-dimensional algebra $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {sl}}}_2(\mathbb {C})$$\end{document}$; examples of ALiAs based on $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {sl}}}_{3}(\mathbb {C}){}$$\end{document}$ were also discussed. In \[[@CR17]\], the authors present a classification of automorphic algebras associated with the dihedral group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {D}_N$$\end{document}$, where the action is inner and no summands are trivial. A further, crucial, step towards the full classification appears in \[[@CR25]\], where the problem is formulated in a uniform way using the theory of invariants. This allows for a complete classification of $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {sl}}}_2(\mathbb {C})$$\end{document}$-based ALiAs with finite group symmetry. The new approach inspires the present results; however, the simplifying assumption that the representations of *G* acting on the spectral parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ as well as on the natural representation *V* of the base Lie algebra are the same, as in \[[@CR25]\], can no longer be made when considering higher-dimensional Lie algebras.

The aim of this paper is to present the complete classification of Automorphic Lie Algebras for the case $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {g}}}={{\mathfrak {sl}}}_{n}(\mathbb {C})$$\end{document}$ with poles at an exceptional *G*-orbit, and an inner action on $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {sl}}}_n(\mathbb {C})$$\end{document}$ that has no trivial summands. Exceptional orbits $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma $$\end{document}$ are those with less than \|*G*\| elements; they are labelled by $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {z}}}={{\mathfrak {a}}}, {{\mathfrak {b}}}, {{\mathfrak {c}}}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathfrak {a}}}, {{\mathfrak {b}}}, {{\mathfrak {c}}}$$\end{document}$ refer to the forms with zeros at $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _{{\mathfrak {z}}}$$\end{document}$. A key feature of this approach is the study of these algebras in the context of *classical invariant theory*. In brief, the Riemann sphere is identified with the complex projective line $\documentclass[12pt]{minimal}
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                \begin{document}$${X}\big /{Y}$$\end{document}$ of two complex variables by setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda ={X}\big /{Y}$$\end{document}$. Möbius transformations on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ then correspond to linear transformations on the vector (*X*, *Y*) by the same matrix. Classical invariant theory is then used to find the *G*-invariant subspaces of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {C}[X,Y]$$\end{document}$-modules, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {C}[X,Y]$$\end{document}$ is the ring of polynomials in *X* and *Y*. These ring modules of invariants are then localised by a choice of multiplicative set of invariants. This choice corresponds to selecting a *G*-orbit $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _{{\mathfrak {z}}}$$\end{document}$ of poles. The set of elements in the localisation of degree zero, i.e. the set of elements which can be expressed as functions of $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$, generates the ALiA. Once the algebra is computed, it is transformed into a Chevalley normal form in the spirit of the standard Chevalley basis \[[@CR10]\]; we believe this is the most convenient form for analysis. The *isomorphism question* can finally be answered in the $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {sl}}}_{n}(\mathbb {C})$$\end{document}$ case, and a more refined isomorphism conjecture can be formulated:
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                \begin{document}$$\Gamma '_{{{\mathfrak {z}}}'}$$\end{document}$ *be exceptional* *G*- *and* $\documentclass[12pt]{minimal}
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                \begin{document}$$G'$$\end{document}$ *-orbits, respectively. Let* *G* *act on* $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {g}}}$$\end{document}$ *by inner automorphisms, such that* $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {g}}}'$$\end{document}$. *Then, the Automorphic Lie Algebras* $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa _{{\mathfrak {z}}}=\kappa _{{{\mathfrak {z}}}'}$$\end{document}$ (cf. Table [21](#Tab21){ref-type="table"}---see Theorem [5.1](#FPar29){ref-type="sec"} for the precise statement).

Classical invariant theory provides a powerful tool of analysis from the point of view of computations. Indeed, one of the obstacles to a complete classification so far was of a computational nature. There were difficulties arising on the one hand from choosing two different group representations, which implies a *ground form* of higher degree, rather than of degree two as in \[[@CR25]\]; on the other hand, there was the intrinsic difficulty arising from the higher dimensionality of the problem (moving from $\documentclass[12pt]{minimal}
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The main results of the classification, under the conditions specified in Sect. [2.1](#Sec3){ref-type="sec"}, can be summarised as follows:The long-standing isomorphism conjecture, due to Mikhailov, is now a theorem for $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {g}}}={{\mathfrak {sl}}}_{n}(\mathbb {C})$$\end{document}$ (see Theorem [5.1](#FPar29){ref-type="sec"}). The proof relies on the explicit Chevalley normal form of the algebras.The number of automorphic functions present in each normal form is an invariant (see Sects. [5](#Sec20){ref-type="sec"} and [6](#Sec38){ref-type="sec"}).The results also suggest a natural interpretation of these algebras as finitely generated over the ring , where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {Q}$$\end{document}$ with a root of unity depending on the irreducible representations of the group *G*, and is a *G*-automorphic function with poles at the orbit $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {k}}_G$$\end{document}$; this also underlines the fact that the group dependency does not play a big role).

The alternative is to consider it as an infinite-dimensional Lie algebra over $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {k}}$$\end{document}$, graded by powers of , as has been done in earlier publications, cf. \[[@CR25]\], where both approaches are used in parallel, or in \[[@CR3], [@CR24]\], and, in the context of KN type algebras, in \[[@CR30]\]. While the former approach adds some computational complications, one is rewarded with classical looking Chevalley normal form results (see Sect. [5](#Sec20){ref-type="sec"}) and the Cartan matrix is the same as the one from the original Lie algebra. It is worth pointing out that in both approaches one can ask whether the ALiA can be brought into normal form, as, for instance, in the case of the Chevalley basis for simple Lie algebras over $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {C}$$\end{document}$. As with any normal form question, one has to determine the transformation group. In the context of infinite-dimensional Lie algebras, there are now two approaches in use: (i) the graded approach, where one allows invertible linear transformations on the algebra respecting the grading. This approach in particular keeps the grading depth invariant \[[@CR24]\]. (ii) The filtered approach, used in this paper and introduced in \[[@CR25]\], where one allows invertible linear transformations of filtering degree 0, where the filtering is induced by the grading in the usual manner. Here the quasigrading is respected, but the grading depth may increase. Since the second group of transformations contains the first, the normal form space will be smaller. Explicitly, if the algebra $\documentclass[12pt]{minimal}
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                \begin{document}$$({{\mathfrak {g}}}\otimes {\mathcal {M}}(\overline{\mathbb {C}}))^G_\Gamma $$\end{document}$ is generated by *m* matrices over the ring , then the first approach uses the transformation group $\documentclass[12pt]{minimal}
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                \begin{document}$$\{T\in \text {Mat}_{m\times m}(\mathbb {k})\,|\,\det (T)\in \mathbb {k}^*\}=\mathrm {GL}(\mathbb {k}^{m})$$\end{document}$ and the second uses , namely the general linear group of the vector space $\documentclass[12pt]{minimal}
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                \begin{document}$$({{\mathfrak {g}}}\otimes {\mathcal {M}}(\overline{\mathbb {C}}))^G_\Gamma $$\end{document}$.

We remark that the finite group theory used here is completely classical, with the exception of the results in Sect. [6](#Sec38){ref-type="sec"}, whereas the Lie algebra theory over a polynomial ring is slightly more modern, but it is the combination of the two that poses the central question in this paper.

Finally, it is worth pointing out that the classification is driven by computational inputs: many of the necessary computations were done using the FORM package \[[@CR21]\], calling on GAP \[[@CR8]\] and Singular \[[@CR9]\].

The paper is organised as follows: in the next section, the computational challenges are presented and addressed in two ways (the difficulties arising from the increasing dimensionality of the problem are discussed in Sect. [2](#Sec2){ref-type="sec"} but ultimately addressed in Sect. [4](#Sec19){ref-type="sec"}): first, by using classical invariant theory, thus working with polynomials in *X* and *Y* (Sect. [2.1](#Sec3){ref-type="sec"}), rather than rational functions of $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$, until the very last stage when the Riemann sphere is identified with the complex projective line $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda ={X}\big /{Y}$$\end{document}$. Section [2.2](#Sec4){ref-type="sec"} recalls the necessary background from representation theory of finite groups, considering in particular the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {T}\mathbb {O}\mathbb {Y}$$\end{document}$ groups. Sections [2.2](#Sec4){ref-type="sec"} and [2.3](#Sec10){ref-type="sec"} recall basic notions from invariant theory, such as decompositions into irreducible representations and Molien series. In Sect. [3](#Sec11){ref-type="sec"}, invariant matrices are computed by means of transvection (Sect. [3.2](#Sec13){ref-type="sec"}). The second major computational challenge of the problem is addressed in Sect. [4](#Sec19){ref-type="sec"} introducing the concept of *matrices of invariants*, which in turn allows one to define *Chevalley normal form* for ALiAs. Normal forms for $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathfrak {sl}}}_{n}(\mathbb {C})$$\end{document}$-based ALiAs are given in Sect. [5](#Sec20){ref-type="sec"}, and Sect. [6](#Sec38){ref-type="sec"} introduces the concept of *invariant of Automorphic Lie Algebras*. The predicting power of invariants is discussed in Conclusions (Sect. [7](#Sec39){ref-type="sec"}) where the main findings are commented upon.

Computing Automorphic Lie Algebras {#Sec2}
==================================

One of the obstacles to a complete classification of Automorphic Lie Algebras so far has been of computational nature: difficulties arising on the one hand from the choice of two different group representations, which implies a *ground form* of higher degree, rather than of degree two as in \[[@CR25]\]. On the other hand, the intrinsic difficulty arising from the higher dimensionality of the problem, moving from $\documentclass[12pt]{minimal}
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We start by defining *Polynomial Automorphic Lie Algebras*.

Polynomial Automorphic Lie Algebras {#Sec3}
-----------------------------------
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Let *V* be a finite-dimensional vector space, let $\documentclass[12pt]{minimal}
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### *Remark 2.1* {#FPar1}
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The analysis of all admissible automorphisms in $\documentclass[12pt]{minimal}
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### **Definition 2.1** {#FPar2}

Let *V* be a *G*-module. An element $\documentclass[12pt]{minimal}
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### *Remark 2.2* {#FPar3}
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### **Definition 2.2** {#FPar4}
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Our first goal will be to compute Polynomial ALiAs, $\documentclass[12pt]{minimal}
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In the following, we fix a group *G* and a natural representation $\documentclass[12pt]{minimal}
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Irreducible Representations {#Sec4}
---------------------------

We recall that our ultimate goal is to construct and classify all Automorphic Lie Algebras, $\documentclass[12pt]{minimal}
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From a computational point of view, it is more convenient to work with representations, rather than projective representations. For example, in order to use GAP to compute generating elements, character tables (Sects. [2.2.2](#Sec6){ref-type="sec"}--[2.2.4](#Sec8){ref-type="sec"}) and Molien functions (Sect. [2.3](#Sec10){ref-type="sec"}), one needs to replace the projective representation by a representation.
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                \begin{document}$$\flat $$\end{document}$-index are those with nontrivial cocycle (see Tables [1](#Tab1){ref-type="table"}, [2](#Tab2){ref-type="table"}, [3](#Tab3){ref-type="table"}); these are the representations, which are not linear representations of *G*.

### **Definition 2.3** {#FPar5}

(*Natural representation*) A monomorphism$$\documentclass[12pt]{minimal}
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### Dynkin Diagrams of the Irreducible Representations {#Sec5}
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A regular tetrahedron is a Platonic solid composed of four equilateral triangular faces, three of which meet at each vertex. It has four vertices and six edges. A regular tetrahedron has twelve rotational (or orientation-preserving) symmetries; the set of orientation-preserving symmetries forms a group referred to as $\documentclass[12pt]{minimal}
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If one would like to compute the Molien function of a reducible representation, this is done by adding the Molien functions of the irreducible components with the corresponding multiplicities.

Invariant Matrices {#Sec11}
==================

A brute-force computational approach towards invariant matrices consists in taking a general element in $\documentclass[12pt]{minimal}
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Instead, we use the method of classical invariant theory to compute higher-order invariants by transvection, starting from lower degree $\documentclass[12pt]{minimal}
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Fourier Transform {#Sec12}
-----------------
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Let *V* be such an irreducible $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^\flat $$\end{document}$-representation, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{v^i\,|\,i=1,\ldots ,\dim V^*\}$$\end{document}$ be a basis of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V^*$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle W, V\rangle $$\end{document}$ be the multiplicity of *V* in *W* (that is, *V* occurs as a direct summand in *W* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle W, V\rangle $$\end{document}$ times) and consider the space of invariants$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (W\otimes V^{*})^{G^\flat } =\left\{ \eta ^{k}\;|\; k=1,\ldots ,\langle W, V\rangle \right\} ,\quad \eta ^{k}=\sum _{i,j}\eta ^{k}_{i,j} \,w_i \otimes v^j. \end{aligned}$$\end{document}$$The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta ^k$$\end{document}$ are traces of the basis of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V^*$$\end{document}$ and its canonical dual basis, a basis for *V*. From the expression for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta ^k$$\end{document}$, we find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle W,V\rangle $$\end{document}$ *V*-bases $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{v_j^k=\sum _{i}\eta _{i,j}^k w_i\,|\,j=1,\ldots ,\dim V\}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=1,\ldots ,\langle W, V\rangle $$\end{document}$.

In practice, we take a general element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _{i,j} \zeta _{i,j} \,w_i \otimes v^j$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W\otimes V^*$$\end{document}$ and require this element to be invariant under the action of the generators of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^\flat $$\end{document}$ to obtain elements $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta ^k=\sum _{i,j}\eta ^{k}_{i,j} \,w_i \otimes v^j$$\end{document}$.
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Transvectants {#Sec13}
-------------

In classical invariant theory, the basic computational tool is the *transvectant*: given any two invariants (in the context of invariant theory these are called covariants), it is possible to construct a number of (possibly new) invariants by computing transvectants. As a simple example, consider two linear forms $\documentclass[12pt]{minimal}
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                \begin{document}$$a_0 Y^2+2 a_1 X Y+a_2 X^2$$\end{document}$ is the second transvectant of the quadratic form with itself. While the transvectant language has been superseded by more general constructions, working for all finite-dimensional Lie algebras, and sounds rather old-fashioned to present day algebraists, it is still a very effective computational tool when it can be applied and it is easy to program. The only assumption one makes is that the group acts linearly and faithfully on $\documentclass[12pt]{minimal}
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In this section, we will adapt the idea of transvection to compute invariant Lie algebras. We start from the classical work by Klein about automorphic functions and generalise it to the context of automorphic algebras. To do so, we need first to recall some definitions and facts about transvectants and generalise some of the concepts to the present set-up.

Recall the Definition [2.1](#FPar2){ref-type="sec"} of relative invariant; in the literature, relative invariants are also called semi-invariants or covariants.

### **Definition 3.1** {#FPar8}

*(Polynomial ground form*) A **polynomial ground form** is a relative invariant polynomial $\documentclass[12pt]{minimal}
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### **Definition 3.2** {#FPar9}

(*Ground form*) A **ground form** is an invariant $\documentclass[12pt]{minimal}
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The computations of polynomial ground forms for the $\documentclass[12pt]{minimal}
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### **Definition 3.3** {#FPar10}
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### **Lemma 3.1** {#FPar11}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \in {\mathcal {V}}_G$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### **Corollary 3.1** {#FPar12}
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### **Corollary 3.2** {#FPar13}
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This justifies the way we compute a sequence of invariants from a ground form using the Molien function of the irreducible representation *V* (see Sect. [3](#Sec11){ref-type="sec"}).

### *Example 3.1* {#FPar14}
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Recall Definition [2.1](#FPar2){ref-type="sec"}; let $\documentclass[12pt]{minimal}
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### *Example 3.2* {#FPar15}
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If one denotes the degree of a form $\documentclass[12pt]{minimal}
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The next examples illustrate how the Molien series information is combined with the concept of transvectant to construct a basis for the relative invariants. We write $\documentclass[12pt]{minimal}
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### *Example 3.3* {#FPar16}

(Tetrahedral group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {T}$$\end{document}$) The ring generated by the relative invariants is determined as follows. From GAP, we obtain the Molien function$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M\left( {\mathbb {k}}[\mathbb {T}_4^\flat ]_{\mathbb {T}^\flat },t \right) =\frac{1+2t^4+2t^8+t^{12}}{(1-t^6)(1-t^8)} =\frac{1-t^{12}}{(1-t^4)^2(1-t^6)} =\frac{1+t^{6}}{(1-t^4)^2}. \end{aligned}$$\end{document}$$To find the ground form $\documentclass[12pt]{minimal}
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One can check that the relative invariants satisfy a relation of the form$$\documentclass[12pt]{minimal}
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### *Example 3.5* {#FPar18}
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                \begin{document}$${\mathbb {T}}{\mathbb {O}}{\mathbb {Y}}$$\end{document}$-Invariant Matrices {#Sec14}
-------------------------------------------------------------------------------------------------------------

Our goal is to determine the structure of the Lie algebra of invariant matrices. Once the ground forms are computed, the other degrees can be realised by taking appropriate transvectants with the relative invariants. The choice of transvectants is completely independent of the dimension we are working in; thus, the construction is completely uniform.

We observe in the first place that it is possible to predict that the number of generators of $\documentclass[12pt]{minimal}
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                \begin{document}$$(V\otimes {\mathbb {k}}[X,Y])^{G^\flat }$$\end{document}$ is twice the dimension of *V*. This follows from the following Lemma, a modification of a method by Stanley \[[@CR37]\].

### **Lemma 3.2** {#FPar19}
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### *Proof* {#FPar20}

The two equations follow from the first two coefficients, *A* and *B*, of the Laurent expansion around $\documentclass[12pt]{minimal}
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In Sect. [4](#Sec19){ref-type="sec"}, we then repeat the procedure of Sect. [3](#Sec11){ref-type="sec"}, with a slight variation, to produce a basis for relative invariant vectors.

In the following sections, we compute a basis for \|*G*\|-homogeneous *G*-invariant matrices; this is a minimal generating set for the module of *G*-invariant matrices (over the primary invariants $\documentclass[12pt]{minimal}
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### Tetrahedral Group Invariant Matrices {#Sec15}
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The ground forms and transvectants are listed in Table [11](#Tab11){ref-type="table"}. Notice that the degrees in column Molien and Multiplier add up to the order of the group.Table 11Generators of $\documentclass[12pt]{minimal}
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#### *Example 3.6* {#FPar21}
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### Octahedral Group Invariant Matrices {#Sec16}
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### Icosahedral Group Invariant Matrices {#Sec17}
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#### *Remark 3.1* {#FPar24}
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Zero-Homogeneous Automorphic Functions {#Sec18}
--------------------------------------
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We use for the invariant related to the relative invariant with the lowest $\documentclass[12pt]{minimal}
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### *Remark 3.2* {#FPar25}
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Matrices of Invariants {#Sec19}
======================

By constructing a basis of invariant vectors for each irreducible representation (see Tables [14](#Tab14){ref-type="table"}, [15](#Tab15){ref-type="table"}, [16](#Tab16){ref-type="table"}), we prepare ourselves for the next step, the computation of the *matrices of invariants*: we change from the standard basis of an irreducible representation to the basis of invariant vectors. The matrices in the new basis will now have their coefficients in the space of invariants. There are two reasons to make this change of basis.

The first is computational: it is much easier to work with the matrices of invariants, e.g. when computing the structure constants. In the computation of the Chevalley normal form for the Lie algebra, we need to find eigenvalues (see Sect. [5](#Sec20){ref-type="sec"}), and this is easier in this new basis. The second reason is that when the algebra is in Chevalley normal form, it will be natural to ask whether the algebra is isomorphic to another case. This *isomorphism question* is difficult to settle, unless one has an explicit way to go from one case to the next. And this is exactly what the matrices of invariants provide. When everything is in Chevalley normal form, the matrices of invariants have been reduced to elementary matrices with invariant coefficients. To analyse them, one can now use permutations and scalings with $\documentclass[12pt]{minimal}
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Chevalley Normal Form for Automorphic Lie Algebras {#Sec20}
==================================================

Even the most detailed Lie algebra books are a bit vague when it comes down to put a concrete Lie algebra into Chevalley normal form over $\documentclass[12pt]{minimal}
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*Remark 5.1* {#FPar27}
------------
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*Example 5.1* {#FPar28}
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Notice that we do not have an existence proof of a Chevalley normal form; however, the computation finds always a suitable set of generators such that the algebra is in normal form, so the existence is proven by construction. Since we restrict ourselves to irreducible representations, we only have a finite number of cases to consider.
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**Theorem 5.1** {#FPar29}
---------------
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**Corollary 5.1** {#FPar30}
-----------------

The statement of Theorem [5.1](#FPar29){ref-type="sec"} is true also if one includes the dihedral group $\documentclass[12pt]{minimal}
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Notation {#Sec21}
--------
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                \begin{document}$$\alpha _i$$\end{document}$ stands for the root. In terms of the original invariant matrices, this Cartan--Weyl basis reads (see also Table [11](#Tab11){ref-type="table"}):We introduce the following short-hand notationwhere we take the sum of all weight vectors; we will refer to this as the *Chevalley model* of the Automorphic Lie Algebra.

### *Remark 5.2* {#FPar31}
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### *Remark 5.3* {#FPar32}
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The Chevalley normal form can be reconstructed from the Cartan matrix (in this case the $\documentclass[12pt]{minimal}
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The introduced notation suggests how to prove the two necessary conditions for an isomorphism of ALiAs as claimed in Theorem [5.1](#FPar29){ref-type="sec"}. First, the base Lie algebras have to be isomorphic. An isomorphism of ALiAs is a $\documentclass[12pt]{minimal}
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The second necessary condition, namely $\documentclass[12pt]{minimal}
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The harder part of Theorem [5.1](#FPar29){ref-type="sec"} is to show that the given conditions for an isomorphism are also sufficient. We prove this in what follows by listing all cases, ordered by $\documentclass[12pt]{minimal}
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### **Definition 5.1** {#FPar33}
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### **Definition 5.2** {#FPar34}
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----------------------------------------------------------------------------------------------------------------------------------
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### **Theorem 5.2** {#FPar35}
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### *Proof* {#FPar36}
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We have now proved Theorem [5.1](#FPar29){ref-type="sec"} modulo the proofs in Appendix 2.
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This table extends Table [20](#Tab20){ref-type="table"} as follows: the pair in the $\documentclass[12pt]{minimal}
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We conclude this section, observing that the polynomials $\documentclass[12pt]{minimal}
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                \begin{document}$$K_{{{\mathfrak {b}}}}({{\mathfrak {sl}}}_{n})_{{\mathfrak {z}}}$$\end{document}$ carry the information from Table [20](#Tab20){ref-type="table"} and actually add extra information on how the s and s are distributed. Computational evidence suggests that these polynomials are also invariants of the ALiAs.

Conclusions {#Sec39}
===========

The paper addresses the problem of classification for Automorphic Lie Algebras $\documentclass[12pt]{minimal}
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The *procedure*, loosely speaking, comprises three steps: the first step consists in identifying the Riemann sphere with the complex projective line $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {C}[X,Y]$$\end{document}$ is the ring of polynomials in *X* and *Y*. Step two consists in localising these ring modules of invariants by a choice of multiplicative set of invariants. This choice corresponds to selecting a *G*-orbit $\documentclass[12pt]{minimal}
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Through computational means, inspired be the theory of semisimple Lie algebras, we demonstrated the existence of a Chevalley normal form for Automorphic Lie Algebras, generalising this classical notion to the case of Lie algebras over a polynomial ring. Moreover, we show that ALiAs associated with $\documentclass[12pt]{minimal}
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We also introduce the concept of *matrices of invariants* (see Sect. [4](#Sec19){ref-type="sec"}); they describe the (multiplicative) action of invariant matrices on invariant vectors. The description of the invariant matrices in terms of this action yields a much simpler representation of the Lie algebra, reducing the computational cost considerably. We believe that the introduction of matrices of invariants is a fundamental step in the problem of classification of ALiAs.

The Cartan--Weyl basis of the matrices of invariants can be seen as a 1-form, with arguments in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Aut}\left( \Phi \right) $$\end{document}$ on the closed 2-forms.

Along with the rise of interest in Darboux transformations with finite reduction groups \[[@CR20], [@CR27]\] and applications (e.g. \[[@CR5]\]), which suggests wide applications of ALiAs within and beyond integrability theory, this work encourages further study of the structure theory of ALiAs and proposes the notion of *invariants* (Sect. [6](#Sec38){ref-type="sec"}), see also \[[@CR16]\]. These invariants are polynomials in the coefficients of the computed 1-form that are invariant under $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Aut}\left( \Phi \right) $$\end{document}$ and the addition of trivial terms. Whether these invariants determine the isomorphism is an open question. From a more general perspective, the success of the structure theory and root system cohomology in the absence of a field promises interesting theoretical developments for Lie algebras over a ring.

The theory of ALiAs gives a natural deformation of classical Lie theory that might be of interest to physics. In particular, it retains the Cartan matrix, thus preserving the finitely generated character of the classical theory.

Appendix 1: Projective Representations and Double Covering Groups {#Sec40}
=================================================================
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For each of the Platonic groups $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {T}, \mathbb {O}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {Y}$$\end{document}$ consider a projective representation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$. In order to use GAP to compute generating elements, character tables and Molien functions, we need to replace the projective representation by a representation. The time-honoured method to do this is by constructing the covering group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^\flat $$\end{document}$, which is an extension of the group with its second cohomology group: the sequence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 0\rightarrow H^2(G,\mathbb {Z}) \rightarrow G^\flat \rightarrow G \rightarrow 0 \end{aligned}$$\end{document}$$is exact. The actual construction runs as follows. One defines (with trivial group action) the group cohomology with values in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {Z}$$\end{document}$ as follows (written in the usual additive way, followed by multiplication as in the definition of the projective representation):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\mathsf {d}^0 a(x)=a-a=0\equiv 1\\&\mathsf {d}^1 b(x,y)=b(xy)-b(x)-b(y)\equiv \frac{b(xy)}{b(x)b(y)}\\&\mathsf {d}^2 c(x,y,z)=c(y,z)-c(xy,z)+c(x,yz)-c(x,y)\equiv \frac{c(y,z)c(x,yz)}{c(xy,z)c(x,y)} \end{aligned}$$\end{document}$$Then, the second cohomology group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^2(G,\mathbb {Z})$$\end{document}$ is defined as the quotient of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ker \mathsf {d}^2$$\end{document}$ over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {im\ } \mathsf {d}^1$$\end{document}$, which is well defined since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {d}^2 \mathsf {d}^1$$\end{document}$ maps to unity. We can consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^\flat $$\end{document}$ as the group generated by the pairs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ (r,\rho )$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r\in G$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \in H^2(G,\mathbb {Z})=\mathbb {Z}/2=\langle \pm 1 \rangle $$\end{document}$ \[[@CR32], [@CR33]\], with multiplication given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (x,\xi )(y,\upsilon )=(xy,\xi \upsilon \tilde{c}(x,y)). \end{aligned}$$\end{document}$$Then, the identity is (*e*, 1), since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{c}(x,1)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{c}(1,x)$$\end{document}$ are both equal to 1. Let us check associativity (and see what motivated the cocycle identity):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} ((x,\xi )(y,\upsilon ))(z,\zeta )= & {} (xy,\xi \upsilon \tilde{c}(x,y))(z,\zeta )\\= & {} ((xy)z,\xi \upsilon \tilde{c}(x,y)\zeta \tilde{c}(xy,z))\\= & {} (x(yz),\xi \upsilon \zeta \tilde{c}(y,z)\tilde{c}(x,yz))\\= & {} (x,\xi )(yz,\upsilon \zeta \tilde{c}(y,z) )\\= & {} (x,\xi )((y,\upsilon )(z,\zeta )). \end{aligned}$$\end{document}$$One defines the inverse of an element by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (x,\xi )^{-1}=\left( x^{-1},\xi ^{-1} \tilde{c}(x,x^{-1})^{-1}\right) . \end{aligned}$$\end{document}$$On $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^\flat $$\end{document}$ we now define a representation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\flat ((x,\xi ))=\xi c(1,1)^{-1}\sigma (x)$$\end{document}$. We have indeed$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sigma ^\flat ((x,\xi ))\sigma ^\flat ((y,\upsilon ))= & {} c(1,1)^{-2}\xi \upsilon \sigma (x)\sigma (y) \\= & {} c(1,1)^{-2}\xi \upsilon c(x,y)\sigma (xy)\\= & {} \sigma ^\flat ((xy,c(1,1)^{-1}\xi \upsilon c(x,y)))\\= & {} \sigma ^\flat ((xy,\xi \upsilon \tilde{c}(x,y)))= \sigma ^\flat ((x,\xi )(y,\upsilon )). \end{aligned}$$\end{document}$$In practice, one can compute the cocycle the other way around, by considering given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma (r)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma (s)$$\end{document}$ as generators of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^\flat $$\end{document}$ and computing the group multiplication table.
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-------
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